Preliminaries
In this section, we shall give several preliminary results on comparison theorems and the behavior of geodesies. Throughout this section, M is a connected, complete, noncompact Riemannian manifold of dimension m, V denotes the Levi-Civita connection, and geodesies are assumed to have unit speed, unless otherwise stated.
1.1. We shall begin with some basic notations and definitions. Let us denote by dis^(p,q) [resp., B((^), Sp(p)] the distance (in M) between two points p, q of M (resp., the metric ball around a point p with radius t, the metric sphere around a point p with radius t). A geodesic CT of M defined on [0, oo) [resp. (-00, oo)] is called a ray (resp., a straight line) if disM(a(5), cj(t))=\t-s\ for any s, te[0, oo) [resp. (-00, oo)]. We writê (resp., ^p) for all rays of M (resp. all rays of M starting at a point p). The Busemann function associated with a ray a e ^ is defined by
F^(x):= lim t-dis^(x,a(t))
t -> 00 (cf. e.g., Cheeger-Ebin [4] ). After Wu [27] , we define a function Fp associated with a family of the metric spheres {S^ (p)} around a point p by
¥? (x): = lim t -disM (x, S, (p)). t -»• 00
Then we have the following Factl.l(c/: [4] , [24] , [27] ). (i) F^F^ on M, and F,(a(0)=F^(a(0)=^(a(0)=t on [0, oo), for any^eM and CT 6 ^p, where r? (x) = dis^ (p, x).
(ii) ¥p (x) = t -disM Qc, ¥p 1 (t)) for any p, x e M and t > 0 with ¥p (x) < t.
(iii) A ray oe^ is asymptotic to ye^i if and only if ¥^(a(t))=t+¥^(a(0)) for any t^O.
Here a ray CT is called asymptotic to a ray y if there exists a family of distance minimizing geodesies {^n}n=i,2, . . . 1.2. We recall here some definitions and facts used later. See [12] and [27] for details. We begin by the definition of Riemannian convolution smoothing on M. Let cp: R -> R be a nonnegative smooth function that has its support contained in [-1,1] , is constant in a neighborhood of 0 and has (p (| v \) = 1. Given a continuous function
•LeIR"* T : M -> IR, define^=~m
1^ T (exp^ u) d^ (u) 9 8 JueTpM where the integration is with respect to the measure [ip induced on the tangent space Tp M at p by the Riemannian metric of M. For a compact subset A of M, there is a neighborhood of A on which the Tg are defined and smooth for all sufficiently small e.
Let T : M -> R be a continuous function and ^ a constant. The function T is called -convex at a point p of M if there is a positive constant 5 such that the function q -> T -(^ 4-8) disM (p, q) 2 /^ is convex in a neighborhood of;?. If T| : M -> R is a continuous function, then T is called r|-convex on M if, for each peM, T is r|(p)-convex at p. Moreover T is a called r|-concave on M if -T is (-r|)-convex on M.
In the similar manner, we can define T being r|-subharmonic or ri-superharmonic on M. Let v be a tangent vector at p e M and y: (-e, e) -> M a geodesic with y (0) =p and y (0) = v. Then an extended real number V 2 Proof. -We shall prove only the last assertion (iii). See [17] , [18] for the others. In order to prove (iii), we use the method in [27] . Remarks. -(i) Let A be a closed subset of M and set r^:==dis^(A, ^). Then the same assertion as in Lemma 1.2 (i) holds for r^ (cf. [17] , [18] ).
. T (p: v) is defined by
(ii) Lemma 1.2 (ii) is true under the weaker assumption that the Ricci curvature of M is bounded below by -(m-1) k cy-o (cf. [17] , [18] ).
(iii) Let ^={A(}(>O be a divergent family of closed subsets A^ of M. Then a family of Lipschitz functions: { dis^ (A(, 0) -dis^ (Ap ^) }^ > o is equicontinuous and totally bounded on each compact sets of M. Therefore, we can find a divergent sequence { ^ } such that the functions: dis^(A( ,o)-dis^(^, ^) converge to a Lipschitz function Fô n M, uniformly on compact subsets of M. Then the last assertion of Lemma 1.2 holds for such F^ (cf. [27] and the above proof of Lemma 1.2). 
Here the constant P as above should be explained (cf. [1] ). Let Z^ be the unique solution of an equation: Z^ (t)-k(t)Zk(t)=0 subject to the conditions: 0<Zj^l and Zfc(0)==l. Then the constant P is by definition the limit of Z^(t) as t-> +00 and it is f» estimated by exptk (t) dt ^ P ^ 1. for large M. Thus we have shown the first assertion, since {^} and ae(0,l) are arbitrary.
Let us prove the second assertion (ii). Put
Suppose there exist a constant ce(0,1) and a sequence {x^} of points of M such that n^O^) goes to infinity as n -> oo and 9(xJ>2c>0 for any n. Let us take a pair of vectors u^ v^ of V.r(x^) such that <(u^,^)>2c, and set r[^t):=exp^(t-a^)u^ and W:=exp^(t-a,)v, (O^t^a,) . We fix an n for a while. . Then we see from (1.7) that U^nU^=0 if n<n' and a^aj{\ -e). This is a contradiction. Thus it has been proved that 6(x) goes to zero as xeM-> co. Finally we shall show that max { <(M,i;):MeV.r(x), reV.Fo} goes to zero as xeM tends to infinity. This is done by a similar argument to the above one. Suppose there exist a constant ce(0,1) and a divergent sequence {x^} of M such that <(^,^)>c>0 for some ^eV.r(x^) and ^eV.Fo(x^). Set r|^(t):=exp^ tv^ and take a distance minimizing geodesic ^ ^ joining o with r\^(t). We consider the case: r(r|^(0)^r(x^)/(l-e) where ee(0,l). Then applying Fact 1.3 (ii) to the geodesic triangle A (ri,,(Q, ;?(;", o), we have
where a = sine. On the other hand, it follows from Fact 1.
The above two inequalities imply that Proof of Lemma 1.5.-Among the above inequalities, (i) and (v) follow from the definitions of r^ and F §, and furthermore (iv) and (vii) turn out to be true, because of Lemma 1.2 and the results in [10] . We shall now prove the remaining inequalities, refering to [16] . Let c be a positive constant smaller than the injectivity radius of M at any xeB^(o). For any pair of points x, y of B,(o) with dis^(x,y)<c, we denote by P^y the parallel displacement from x to y along the (unique) minimal geodesic x to y. Then for any xeB^(o), we can find a positive number 8(x) which is smaller than c/4 and has the following properties: for any yeB^^ and ueV.r(y\ there is a vector ueV.r(x) such that for some i/eV.r(xo). Furthermore by (1.10), we get -< (P^ ^°P^ (^), t^y^))^/ 4 -^en by the triangle inequality, we obtain (1.11). We observe here that there exists a positive constant 80 < ^ such that for any 8:0 < 5 < §o, rg and F § are well where ^=exp^ and (p is as in 1.2 (cf. the proof of Theorem 2.2 in [16] ). Then it follows from (1.11) and (1.12) that for any weV.r(x),
We note that if dis^ (x, ^o) ^ £, then XQ does not belong to ^Q, and hence in this case, we have
Moreover we have by (1.12), (1.13) and the definition of 82,
Obviously (1.12), (1.14), (1.15) and (1.16) show the estimates (ii), (iii) and (iv) of Lemma 1.5. This completes the proof of Lemma 1.5.
A geometric compactification for a manifold of asymptotically nonnegative curvature and its properties
In this section, based on the observations in Section 1, we shall define a metric space of points at infinity of an asymptotically nonnegative curved manifold and state its basic properties. The results of this section will be verified in the next section. Throughout this section, M is a manifold of asymptotically nonnegative curvature. ) is the number of the ends of M, so that it is possible to introduce the inner distance, denoted by dp ^, on S^(p) induced from the distance d^( , ) of M restricted to S^ (p). To be precise, we define the length L (c) of a continuous curve c:
and then, for any pair of points x, yeS^(p), the inner distance dp ^ (x,y) is defined by
where c ranges over all continuous paths in S^(p) joining x to y (cf. Gromov [15] , Ch. 1). Here dp^(x,y) is defined to be infinity if x, y do not belong to the same connected component of S^ (p\ so that dp ^ (x, y) < + oo if and only if x, y belong to the same connected component of S^(p) (for large t).
Let us now define an equivalence relation ~ on the set ^ of all rays of M and a distance 8^ on the set of equivalence classes. Two rays a, ye^ are called equivalent and denoted by <j~y if Urn dis^(a(t),y(t))/t=0. We write [a] for the equivalence class (ii) For any pair of rays a, y and a fixed point p of M, there exists the limit: lim dp ^ (<T n S( (p), y 0 S( (p))/t, which is independent of the reference point p. 
where ^(00) and J^are as in 1.2.
(ii) For any x^eM(co), the diameter of 3F, (xj: = <D^ (xj w S,(o) wit/i resect to tne distance (1/0^ goes to zero as t -»• + oo. The following theorem will be proved in [20] . the volume of the connected component of M( converging to M^(oo) may be assumed to have a positive lower bound uniformly in t. These facts would clarify much more the geometry of M at infinity. We refer the reader to, e.g., [15] , Ch. 8, [9] , [13] , etc.
Proofs of the results in Section 2
The purpose of this section is to verify the results stated in Section 2. Throughout this section, M is an m-dimensional Riemannian manifold of asymptotically nonnegative curvature. We use the same notations as in the previous sections.
Let us begin by constructing the maps 0, ^: S, (p) -> S, (o) in Proposition 2.2, where o is the base point in (H. 1).
Step Step 3. -We are now in a position to show (t,s) ) goes to zero as e^O. We define subsets K,^ of Sy by K^^z'eS^IUz^l^e}. Then by the Chebyshev's inequality, we have
where c^ is a positive constant independent of n. This implies that 
where 0 (n') [resp., 0 (e)] stands for a constant which goes to zero as n' -» oo (resp., s-^0). Since ^(0) (resp., ^,^(0) converges to Os. ((^1 (^)) (resp., (^W))) as n'^ oo, and further d,(x, (p^l0?))<£ and ^O.cp^ri^r))^ ifî s sufficiently close to x\ we have by (3.2) and (3.9)
Thus, letting n" go to infinity and £ and 8" go to zero, we have shown the required inequality (3. 5) . This completes the proof of Proposition 2.2. (ii) If a and y are equivalent, i.e., lim dis^(a(t),y(t))/t=0, then, Proposition 2.1 is an immediate consequence of Proposition 2.2 (which has been proved in 3.1) and Lemma 3.1.
Proof of Lemma 3.1.-Suppose first that CT is asymptotic to y. We take two positive constants e, 8e(^0,1) and a divergent sequence {^.L=i,2, ... Let a^ ^:[0,;g J-^M be distance minimizing geodesies such that c^ " (0) = CT (e), CT^ " (/" ") = y (Q" Then* Fact 1.1 (iii) implies that {o^ " (Q } converges to a ((+ e) as n -> oo. Hence we have Step 1. -Let CT and 7 be two rays of M which belong to the same end of M. For simplicity, we assume that they start at the same point, say the base point o in (H. 1). We fix constants a, b with 0<a<fc. For any large number r, we take a sufficiently small positive constant 8, which goes to zero as ^ oo. Jo v \3s a5/ as t goes to infinity, where c, is independent of (u, s) and it converges to 1 as t -> oo. In fact, by Lemma 1.5, we havê
where 61 and J^ are as in Lemma 1.5 and E( goes to zero as t->co. This implies (3.15 Let us begin with the following Fact 4.1 (Toponogov [26] , Lemma 19) . Let M be as above and c^.: [0, ?j -^ M (f= 1,2) two distance minimizing geodesies starting at the same point. For each (t^t^) with 0<t^li (f=l,2), let A (t^t^) be the triangle sketched on (R 2 whose edge lengths are t^, 2 and dis^a^i), (^(t^)), and denote by Q(t^t^) the angle of A(ti,^) opposite to the edge of length dis^ (a^(t^\a^(t^) ). Then (t^,t^)->6(t^t^) is monotone nonincreasing in the following sense: 9 (^, t^) ^ 9 (s^, s^) if s^ ^ ti and 53 ^ ^.
Before showing the first result of this section, we note that M has at most two ends and further if M has two ends, then M splits isometrically into N x R, where N is compact (cf. [5] , [25] ). Obviously this shows the theorem, since -^(M? [7] In particular, these two statements hold for the case: dimM=2.
Remarks. -(i) Let M be as in Theorem 4.3. Then it was conjectured by Shiohama [23] , p. 282, that M could not admit both exhaustion and nonexhaustion Busemann functions simultanuously. Actually he proved it in the case: m=dimM=2. However it is not true in general for the case: m^4. For example, let M^ (f==l,2) be complete, noncompact manifolds of nonnegative curvature such that diam(M,(oo)) (;=1,2) are sufficiently small. Then the product manifold M=M^ x M^ admits both exhaustion and nonexhaustion Busemann functions simultanuously (cf. Section 5).
(ii) Let M be a manifold of asymptotically nonnegative curvature. Suppose that M has one end and the diameter of M(oo) is less than n. Then it follows from Proposition 2.4 that M admits no straight lines. Moreover we see that the isometry group I(M) of M is compact. Actually, if I(M) is not compact, then l(M)'p is unbounded for any peM, and hence the sectional curvature of M must be nonnegative everywhere. Thus by Proposition 4.2, we see that the diameter of M(oo) is equal to n.
Examples
We consider first Riemannian products of manifolds with nonnegative curvature. Let M;(f==l,2) be complete, noncompact Riemannian manifolds of nonnegative curvature and M the Riemannian product of M^ and M^. Then we have the natural inclusions M,(oo) c= M(oo) (f=l,2). It is easy to see that if /?,eMf(oo) (f==l,2), then 6^(p^p^)=n/2, and if/?eM(oo), then there arep^eM^oo) (f=l,2) such that/? lies on the distance minimizing curve in M(oo) joining p^ to p^. Proof. -Let us take a continuous function H on [0, oo) such that the sectional curvature of M is bounded from below by Ic^r and 1c(t)=c/t 2 logt for large t. Let Jb e the solution of an equation: J^+^Jg=0, with J,g(0)=0 and J^(0)=l. Then by the lemma below, we see that J^(t)/t goes to zero as t-> oo. This implies that given two Let us now consider a group H of isometries of a manifold M with asymptotically nonnegative curvature and suppose that H acts freely on M so that the orbit space M=M/H is a manifold and basis of a principal fibration H^M^M with natural projection n. Since H acts by isometries, the metric of M projects down to a complete metric for M with respect to which n becomes a Riemannian submersion. Since H also acts isometncally on M(oo), we see that M(oo) = M(oo)/H, if H is compact. where x,-G^'8/8r), x,=G(X,Z.)//0=l,2), x,=G(X,Z,)/g, y^G(^)/f 0=1,2) and y,=G(V,Z,)/g. We set here f(r)^r(Q<\<2) and g (r) = r 2^ + r 2 ) for large r. Then M=(IR ,G) is a manifold of asymptotically nonnegative curvature such that M(co) is isometric to the 2-sphere of constant curvature A,"
2 .
The following example shows that certain minimal submanifolds in R" belong to a class of manifolds with asymptotically nonnegative curvature. Before concluding this section, we shall mention a result on the volume growth of metric balls of a manifold M with asymptotically nonnegative curvature.
